Abstract. We study Weyl modules in the sense of V. Chari and A. Pressley ([CP]) over the current Lie algebra on an affine manifold. The main results are stated for currents on a non-singular manifold with coefficients in the Lie algebra sl 2 (and in some cases sln). In one-dimensional case we show that the dimensions of sl 2 Weyl modules are equal to powers of 2. Using the results of M. Haiman ([H]) we show that in two-dimensional case the dimensions of sl 2 Weyl modules are equal to products of the Catalan numbers. We propose a conjecture about the general case.
Introduction
Let M be a complex affine manifold, let g be a semi-simple Lie algebra. By g M denote the Lie algebra of currents on M . For any point Z ∈ M we have the evaluation homomorphism g M → g taking value at Z. So for any representation π of g we can define the evaluation representation π(Z) of g M . Now let π 1 , . . . , π n be irreducible representations of g and let Z 1 , . . . , Z n be points on M . Suppose that the points Z i are pairwise distinct. Then π 1 (Z 1 ) ⊗ · · · ⊗ π n (Z n ) is an irreducible representation of g M . Fix the highest vectors v i ∈ π i . Then the vector v = v 1 ⊗ · · · ⊗ v n is cyclic, therefore
. . , π n ; Z 1 , . . . , Z n ),
where I(π 1 , . . . , π n ; Z 1 , . . . , Z n ) is the left ideal annihilating v. So we have a set N of ideals labelled by M × · · ·× M without diagonals. Let N be a closure of N in the space of all left ideals in U (g M ). Then N is an algebraic manifold (in most cases singular). Quotients of U (g M ) by the corresponding ideals form a bundle ξ on N of dimension dim π 1 · · · dim π n . The case M = C, g = sl 2 is completely studied in [FF] . The fiber over (0, . . . , 0) is isomorphic to the fusion product introduced in [FL] . Now suppose that all the representations are 2-dimensional. Then N is just the n-th symmetric power of C and the fusion product is universal in the following sense. It is the maximal finite-dimensional module generated by the vector v such that
where P is a polynomial, and e, h, f constitute the standard basis in sl 2 . Following [CP] we call such representations Weyl modules. We expect that for M = C d , g = sl 2 and 2-dimensional representations N is a general locus in the Hilbert scheme of n-points on C d . So there is the canonical projection θ : N → S n (C d ). By N 0 denote the special fiber θ −1 (0, . . . , 0). Then we expect that the space of sections of the 2 d -dimensional bundle ξ on N 0 have the same universality property.
Note that both facts can be derived for d = 2 from the recent results of M. Haiman ([H] ). It gives a very powerful instrument to study double loop fusion and double loop Weyl modules.
In this paper we concentrate on the Weyl module side of this picture. In Section 1 we extend the notion of Weyl modules. Namely we define the global Weyl module associated with an associative algebra, a semi-simple Lie algebra and a weight, as well as the local Weyl module associated with the data above and a set of points on Spec A. We show that local Weyl modules are finite-dimensional and generalize the tensor product theorem ( [CP] ) for them. In Section 2 we generalize the symmetric power construction proposed in [CP] . In Section 3 we apply the results of [H] to an investigation of two-dimensional Weyl modules and state a conjecture for the general case.
1. Some generalities 1.1. Notation and integrability. Let g be a semi-simple Lie algebra of rank r. Choose a Cartan subalgebra h and Borel subalgebras b = b + and b − . Denote their nilpotent radicals by n + and n − respectively.
By Q ⊂ h * denote the root lattice, by P ⊂ h * denote the weight lattice. Let α 1 , . . . , α r ∈ Q be the simple roots, let ω 1 , . . . , ω r ∈ P be the simple weights. Denote the correspondent Chevalley generators by e 1 , . . . , e r ∈ n + , h 1 , . . . , h r ∈ h and f 1 , . . . , f r ∈ n − .
All the representations we consider here belongs to the following class.
Definition 1. We say that g-module V belongs to the category O if
such that any h ∈ h acts on V λ by the scalar λ(h), and there exists an integer N such that
Note that for our purposes we do not require V λ to be finite-dimensional.
Definition 2. We say that g-module V is integrable if
It is equivalent to the standard definition of integrability (as given in [K] ) in the case of a finite-dimensional Lie algebra. Actually it implies that V is a possibly infinite sum of finite-dimensional representations (see [K] ). Proposition 1. Any g-module from the category O has a maximal integrable quotient.
Proof. Suppose that the module V = V λ belongs to the category O and take N such that
Clearly V int is integrable. Now let U be an integrable quotient of V . Let us show that U is indeed a quotient of V int . One can define the action of Weyl group on the weights of U by settings
Here the exponents are well-defined because the action of e i and f i on U is nilpotent.
As U λ = 0 if λ i > N for a certain i, the action of the Weyl group implies that U λ = 0 if λ i < −N for a certain i. Therefore the image of V ′ in U is zero, so U is a quotient of V int .
Here and below we say that a module with a certain property is maximal if any other module with this property is a quotient of the given one.
1.2. Weyl modules. Let A be a commutative algebra with unit. Generalizing [CP] we define a family of representations of the Lie algebra g ⊗ A.
Definition 3. For λ ∈ h * define a global Weyl module W A (λ) as the maximal g ⊗ 1-integrable module generated by the vector v λ such that
Proposition 2. The global Weyl module W A (λ) exists.
Proof. Let b A ⊂ g ⊗ A be the subalgebra spanned by n + ⊗ A and h ⊗ 1. Then the induced module M A (λ) = Ind g⊗A bA v λ is the maximal module generated by v λ .
As M A (λ) is generated from v λ by the action of U (b − ⊗ A), the module M A (λ) belongs to the category O. So we can define W A (λ) as the maximal integrable quotient of M A (λ). Then the universality property is clear.
Note that v λ can generate an integrable module only for dominant integer λ. Lemma 1. We have W A (λ) = 0 only for dominant integer λ.
The Weyl group action restricts the weights of the Weyl module in the following way.
Now regard A as the algebra of functions on an affine manifold M (possibly singular). Actually, points on M are just ideals in A of codimension one.
Let λ = (λ 1 , . . . , λ r ), where λ i = λ(h i ) are non-negative integers. Then a set of points (not necessarily distinct) parameterized by λ in the following way:
we call λ-multiset.
Definition 4. Let λ = (λ 1 , . . . , λ r ) ∈ h * be an integer dominant weight, let {Z} λ be a λ-multiset. Define a local Weyl module W M ({Z} λ ) as the maximal g ⊗ 1-integrable module generated by the vector v {Z} λ such that
. In general case this definition is motivated by Theorem 5 from Section 2.
Proposition 3. The local Weyl module W M ({Z} λ ) exists and is a quotient of the global Weyl module W A (λ).
Proof. Similarly to Proposition 2 one can define W M ({Z} λ ) as the maximal integrable quotient of the induced module
As b A acts on v {Z} λ in the same way as on v λ , the universality property implies that
In particular, we have the same restriction on the weights.
1.3. Local Weyl module is finite-dimensional. Let I({Z} λ ) be the ideal in A of functions with zeroes at Z (i) j . In order to get multiple zeroes we will consider the powers I s ({Z} λ ).
Proof. The ideal I λi ({Z} λ ) is spanned by decomposable elements i.e. products of λ i elements of I({Z} λ ). So it is enough to prove that if P = P 1 · · · P λi , where
To obtain the second equality let us commute e-s and then h-s towards v {Z} λ . Taking into account that
To find the scalar it is enough to set P i = 1 and perform the computation in the Verma module over sl 2 with the highest weight zero.
Proof. Note that the Lie subalgebra n − is generated by f i , i = 1 . . . r. So n − is spanned by a finite number of elements
Then for decomposable P ∈ I N ({Z} λ ) and (i 1 , . . . , i s ) such that x (i1,...,is) = 0 we have P = P 1 · · · P s such that
It means that n − ⊗ I N ({Z} λ ) acts on v{Z} λ by zero. As b + ⊗ I({Z} λ ) acts on v {Z} λ by zero and
is an ideal in the Lie algebra g ⊗ A, so we have the statement of the proposition.
∨ be the element of h such that ρ ∨ (α i ) = 1 for all i = 1 . . . r. Then it follows from Lemma 3 that
As the Lie algebra n − ⊗ A/I N ({Z} λ ) is finite-dimensional, this space is also finite-dimensional.
1.4. Tensor product decomposition. For two multisets {Z} λ and {Z ′ } λ ′ define the union multiset
Proof. From Hilbert Nullstellensatz we have that I
and that I
Then the direct sum of the natural projections
is surjective with kernel I
Proof. From Lemma 4 we have that the product
and consider the correspondent induced module
is its maximal integrable quotient. Lemma 4 and Proposition 6 implies that for any positive integer N we have
Now take a sufficiently large N so our W M -s are quotients of the corresponding
be some vectors of weight µ and µ ′ respectively. From Lemma 3 we have that the image of u u 
Corollary 1. Suppose that M is non-singular of dimension d. Then any local Weyl module is isomorphic as a vector space to a tensor product of modules W C d ({0} λ ) for some λ.
Proof. By Theorem 2 it is enough to describe W M ({Z} λ ) when {Z} λ contains only one point Z ∈ M . In this case I({Z} λ ) is the ideal I Z of functions with zero in Z. By Proposition 5 we know that W M ({Z} λ ) depends only on A/I N ({Z} λ ). And A/I N Z is the same for any non-singular point on any affine manifold of given dimension. To proceed with singular M we need also to describe local Weyl modules at singular points.
The symmetric power construction
Here we generalize the results of Section 6 in [CP] .
Let V be the tautological 2-dimensional representation of sl 2 . Then the vector space L A (V ) = V ⊗ A inherits the action of sl 2 ⊗ A. Following [CP] we consider the symmetric powers S n (L A (V )). Choose a basis {u, v} in V such that hv = v, hu = −u. Then we can decompose S n (L A (V )) into eigenspaces of h ⊗ 1.
Proposition 7. We have the canonical isomorphism of vector spaces
This vector is cyclic in the module S n (L A (V )). Moreover, choose a basis {P i } in A such that P 1 = 1. To avoid cumbersome notation let us write xP i instead of x ⊗ P i and x instead of x ⊗ 1 for x ∈ sl 2 . Proposition 8. Monomials
Proof. Clearly the following elements
. Order the vectors (j 1 , . . . , j n ) lexicographically, so that
,...,jn + lower terms. Lower terms appear when two factors in the left hand side are applied to the same factor of v (n) . So standard arguments about a triangular matrix imply the proposition.
Proposition 9. The global Weyl module W A (nω) is spanned by elements
Proof. Lemma 2 implies that W A (nω) is spanned by elements m i j1,...,js = f P j1 · · · f P ji · hP ji+1 · · · hP js v nω for i ≤ n. We need to show that this is still true under the restriction s ≤ n. Then by setting P s+1 = · · · = P n = 1 we obtain the statement of the proposition.
Let us suppose that j 1 ≤ · · · ≤ j i , j 1 ≤ · · · ≤ j s . Order such vectors lexicographically, so that
and there exists r such that j i = j ′ i for i < r and j r > j ′ r ) . Now let s > n. Then from Lemma 2 we have f
,...,js + lower terms. The second equality can be obtained by commuting e-s and then h-s towards v nω .
So standard arguments about a triangular matrix imply the proposition.
Theorem 3. We have the natural isomorphism of sl 2 ⊗ A-modules
Proof. From the universality property we have the surjective map
. Propositions 8 and 9 imply that this map is an isomorphism.
Clearly we have the action of S n (A) on S n (L A (V )) commuting with the action of sl 2 ⊗ A. For a multiset {Z} nω define the ideal
Theorem 4. For any nω-multiset {Z} nω we have the natural isomorphism of sl 2 ⊗ A-modules
Proof. From Theorem 3 and universality property we have a map S n (L A (V )) → W M ({Z} nω ). First let us show that the image of J {Z}nω under this map is zero. As the action of S n (A) commutes with the action of g ⊗ A it is enough to show that the image of J {Z}nω v (n) is zero. Note that the tensor algebra T * (A) with tensor multiplication acts on v (n) by
It defines a surjective homomorphism of algebras T * (A) → S n (A). Namely, generators P i ∈ A = T 1 (A) are mapped to Sym(P i 1 · · · 1). Now consider the augmentation ε {Z}nω of S n (A) defined by
We can pull it back to the augmentation ǫ {Z}nω of T * (A). Namely, for P ∈ A we have
As this is exactly the action of hP on v {Z}nω , the augmentation ideal J {Z}nω acts on the image of v (n) by zero. Now we have the surjective map
The arguments above imply that the image of v (n) in the left hand side satisfies the conditions on v {Z}nω . Then it follows from the universality property of W M ({Z} nω ) that this map is an isomorphism.
Proof. Let v be the image of v nω in W . We know that h ⊗ A acts on v via a certain functional on A, so T * (A) acts on v via a certain augmentation ǫ.
As the map T * (A) → S n (A) is surjective, the image of ǫ in S n (A) is a certain augmentation ε, such that S n (A) acts on v via ε. We have ε = 0 as the action of 1 ∈ S n (A) on v is not zero. So Ker(ε) is a maximal ideal in S n (A) i.e. a point on S n (M ) that is a set of n points on M (not necessarily distinct). Denote them by Z
(1) j , j = 1 . . . n. Then the vector v satisfies the conditions of v {Z}nω . Universality property implies the proposition.
Theorem 5. Let g be an arbitrary semi-simple Lie algebra. Then any quotient
2 denote the subalgebra of g generated by e i , h i , f i . Let W (i) be the subspace of W generated from v by the action of sl
..λi . Combining these sets for all i into a λ-multiset, we obtain the statement of the theorem.
2.2. Beyond sl 2 . Let us consider the case g = sl r+1 . By e ij , f ij , 1 ≤ i < j ≤ r denote the matrix units corresponding to positive and negative roots respectively. Let V r be the tautological r-dimensional representation. We can similarly define L N (V r ) = V r ⊗ A and consider the symmetric powers.
Proposition 11. We have the canonical isomorphism of vector spaces
,
Proof. Similar to Proposition 7.
Theorem 6. We have the natural isomorphism of sl r+1 ⊗ A-modules
Proof. Similar to Theorem 3. The basis is formed by monomials
Define the action of S n (A) and the ideal J {Z}nω 1 as above.
Theorem 7. For any {Z} nω1 we have the natural isomorphism of sl r+1 ⊗ A-modules
Proof. Similar to Theorem 4.
denote the highest weight vector.
Conjecture 1. The module W A (λ) over the algebra sl r+1 ⊗ A is isomorphic to the submodule of
We also expect some results similar to [CK] for other simple Lie algebras.
3. Case of polynomial algebra
Σn in multivariables x i . Also we fix the notation C[x 1 , . . . , x n ] Σn + for the space of such polynomials with zero at the origin (i.e. J {0} nω 1 in the notation of Section 2). Recall that by Corollary 1 any local Weyl module on a non-singular manifold of dimension d is a tensor product of modules W C d ({0} λ ). Combining Theorem 7 and Proposition 11 we have Corollary 2. For g = sl r+1 we have
Σn + where i 0 = n − i 1 − · · · − i r and Σ i0 × · · · × Σ ir acts as a subgroup of Σ n .
So the investigation of Weyl modules in this case is reduced to a question about symmetric functions.
3.1. One-dimensional case. This calculation is based on the following well-known statement.
Proposition 12. The representation of Σ n in the quotient
Σn + is isomorphic to the regular one.
In [CP] it is shown that in sl 2 case we have
Let us slightly generalize this statement.
Proposition 13. For g = sl r+1 we have
Proof. Let us prove the second formula, then the first one follows. By Corollary 2 we have
So we have the subspace of invariants in the regular representation C[Σ n ] with respect to the subgroup Σ i0 × · · · × Σ ir . Then the dimension is equal to the index of the subgroup.
3.2. Two-dimensional case. This calculation is based on the following result from [H] .
Recall that a function f : {1, . . . , n} → {1, . . . , n} is called a parking function if |f
The group Σ n acts on the set P F n of parking functions by permutation on the domain. Let CP F n be the permutation representation of Σ n on parking functions. [H] , Theorem 3.10 together with Proposition 3.13)
Theorem 8. (See
Σn + is isomorphic to the product CP F n ⊗ ε, where ε is the sign representation of Σ n .
To describe CP F n more explicitly introduce a class of integer sequences A n = {a 1 , . . . , a n | a i ≥ 0, a 1 + · · · + a n = n, a 1 + · · · + a i ≥ i for i = 1 . . . n}. Proposition 14. We have
Proof. For a sequence (a 1 , . . . a n ) ∈ A n we take a subset of parking functions such that |f −1 ({i})| = a i . This set is stable with respect to the action of Σ n and it forms the permutation representation isomorphic to
By R s n denote the set of subsets H ⊂ {1 . . . sn} such that
Such subsets are usually called Raney sequences (see [GKP] , [S] ).
..,ir−1−ir ) is equal to the number of elements H ∈ R r+1 n+1 such that |{i ∈ H| i ≡ j + 1 mod (r + 1)}| = i j , j = 1 . . . r.
Proof. We have
Let v be the highest weight vector of V r . Choose the graded basis v j ∈ V r , j = 1 . . . r + 1 by v j = f 1j v for j ≤ r and v r+1 = v. Then the graded monomials of W C 2 ({0} nω1 ) look like
With this element we associate the set
n+1 is equivalent to (a s ) ∈ A n . So we have a bijection between R r+1 n+1 and graded monomials. Concerning the grading note that the number of factors v j for j = 1 . . . r in a graded monomial is equal to the number of elements in the corresponding set H equivalent to j + 1 modulo r + 1.
Corollary 3. For g = sl 2 we have dim W C 2 ({0} nω ) = (2n + 2)! (n + 1)! (n + 2)! that is the Catalan numbers and dim W C 2 ({0} nω ) n−2i = (n + 1)! n! (n − i + 1)! (n − i)! (i + 1)! i! , i = 0 . . . n that is the Narayana numbers.
Proof. Let C 0 (z) = z −1 and C n+1 (z) = n i=0 z n−2i · (n + 1)! n! (n − i + 1)! (n − i)! (i + 1)! i! .
Then we have (see [S] , Section 6)
To prove the corollary it is enough to check this relation for ch W C 2 ({0} nω ) = n i=0 z n−2i · dim W C 2 ({0} nω ) n−2i .
By Theorem 9 we can work with Raney sequences, namely let R
n be the number of sets H ∈ R 2 n such that H has exactly i even elements. Let R 0 (z) = z −1 and
Then it is enough to show that R n+1 (z) = n s=0 R s (z −1 ) · R n−s (z). Take H ∈ R 2 n+1 . Let s be the first non-negative integer such that |H ∩ {1, . . . , 2s + 2}| = s + 1. Then we can "split" H into H 1 = {i = 1 . . . 2s| i + 1 ∈ H}, H 2 = {i = 1 . . . 2n − 2s| i + 2s + 2 ∈ H}. Clearly H 1 ∈ R 2 s and H 2 ∈ R 2 n−s . On the other hand, if H 1 ∈ R 2 s and H 2 ∈ R 2 n−s then we can glue them into the set H = {1} ∪ {i + 1| i ∈ H 1 } ∪ {i + 2s + 2| i ∈ H 2 } such that H ∈ R 2 n+1 . Concerning the grading note that the set of even elements in H is formed by odd elements in H 1 and even elements in H 2 . And the inversion of the formal variable z in the recurrence relation means exactly that we count odd elements instead of even ones.
Corollary 4. For g = sl r+1 we have dim W C 2 ({0} nω1 ) = ((r + 1)(n + 1))! (n + 1)!(r(n + 1) + 1)! .
That is the standard generalization of the Catalan numbers.
Proof. Similar to sl 2 case. See [GKP] , Section 7.5 concerning Raney sequences.
3.3. A conjecture for higher dimensions.
Conjecture 2. For g = sl 2 we have
That is equal to the dimension of the irreducible representation of sl n with highest weight dω i for i = 1 . . . n − 1 and equal to 1 for i = 0, n.
Then the dimensions of Weyl modules W C d ({0} nω ) form so called Hoggatt sequences (see [FA] ).
